Let L(x) denotes the partial sum of the Liouville function. In the note, we prove that X n≤x 1/2˛L
Introduction
Let λ(n) denote the Liouville function and O(f ) the standard big-oh notation. Whenever the O-notation is used, we take x → ∞ as customary, that is,
The order of magnitude of the partial sum
is related to the Riemann hypothesis by the formula
where ζ(s) is the classical Riemann zeta function. In particular, if it were true that L(x) = O(x 1/2+ǫ ), for each ǫ > 0,
then the Riemann hypothesis would follow easily via (1) . In the note, we prove the following theorem. 
Also, as a corollary to the theorem, we have
The proof of Theorem 1.1 rests on the study of the following type of partial sums
The outline for the proof of Theorem 1.1 is as follows. The following lemma plays the central role in the argument.
If
the absolute constant for the O-notaion depending on x alone, then we have
Then we show that in Lemma 1.1, we could choose γ(n) for b(n) satisfying (3) and
where, given x > 1, we define sgnL 
If a and b are positive real numbers such that ab = x, then
2 Proof of Lemma 1.1
The section is devoted to a proof of Lemma 1.1. Throughout the argument, q(n) and b √ x (n) have the same meanings as defined in Lemma 1.1.
We have
where
and β
, it is easy to see that the order of magnitude of each term on the right of (5) is, by (3), at most
This completes the proof of the lemma.
Lemma 2.2. Let s(n) := 1 : n is square 0 : otherwise.
Then we have
2 is odd and k is odd 
If n is odd, then q(d) = 1 for all divisors d of n. Hence, the first case of the lemma follows from (7).
Next, suppose that n = 2 k w, where w is any odd positive integer. Since q(n) is multiplicative and the Dirichlet product of multiplicative functions is multiplicative [1, Theorem 2.14], it follows that (λ * q)(n) is multiplicative. Thus we have
If w is not square, then it follows that (λ * q)(2 k w) = 0.
Note: In what follows, when we consider partial sums of the form
where s(n) has the same meaning as defined in Lemma 2.2. This is possible by Lemma 2.2, for, given an odd square R, the number of positive integers of the form 2 l R ≤ x is dominated by (that of the form 2 2k R ≤ x)×3; and if
then (see [1, Theorem 4 .2] for the following equality)
With the lemmas above, the proof of Lemma 1.1 is completed as follows. In Lemma 1.2, choose f (n) = (λ * q)(n), g(n) = b √ x (n), a = x, and b = 1. Then using Lemma 2.2 and
and so we have
On the other hand, since the Dirichlet product is associative [1, Theorem 2.6], we have
and so choosing f (n) = λ(n), g(n) = (q * b √ x )(n), and
By Lemma 2.1, we find out that
and
By (8), (9), (10), (11), the proof of Lemma 1.1 completes.
Determination of γ(n)
In this section, we briefly construct the arithmetical function γ(n) which satisfies (3) and (4), thereby completing the proof of Theorem 1.1. Let x > 1 be given and fixed from here on. It is plain that to each (q * b √ x )(n) we could assign any value δ n , n ≤ x 1/2 of our choice in a recursive way, i.e., we could write
and once b √ x (m) (m < n) are defined, then we could choose b √ x (n) so that it satisfies (q * b √ x )(n) = δ n . In particular, we choose δ n = sgnL x n .
Associated to this choice for δ n , we replace b √ x (n) by γ √ x (n) and continue our discussion focusing on the equality
Using elementary theory of Dirichlet products (available in [1, Chapter 2]), we solve for γ √ x (n). Evaluation of the Dirichlet inverse of the function ω(n) := (µ * q)(n) becomes our last important object, since we could solve for γ √ x (n) as
and the partial sum of |γ √ x | could then be estimated as, using Lemma 1.2 and the fact that
If we could show that
for all y ≤ x 1/2 and for each ǫ > 0, and we will have Theorem 1.1 as mentioned above. First, by ω(1) = 0, it follows that the unique Dirichlet inverse of ω exists [1, Theorem 2.8].
Since (−1) n−1 = 1 for all odd n, it is plain that if n is odd, then
If n = 2 l R with l ≥ 1 and R odd, then since ω is multiplicative (cuz. q and µ are multiplicative), we have
But it is easy to show that
By (12) and (13), we have
Lemma 3.1. We have
Proof. The function ω −1 satisfies the relation [1, Theorem 2.8]
If p is any odd prime number and α ≥ 1, then it is easy to see that From this recursive relation, it is easy to see that
Finally, we prove Lemma 3.2. We have W (x) = O(x).
